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CO ' Abstract. Let S be an abelian finitely generated semigroup of endomorphisms of 

a probability space (i7,^, /i), with {Ti,...,Td) a system of generators in S. Given an 
increasing sequence of domains (Dn) C N"^, a question is the convergence in distribution 
of the normahzed sequence |D„|~2 ^^ ^^ / o T-, or normalized sequences of iterates 

C3'. of barycenters Pf = J2j Pjf ° Tj, where T^ = T^...T^*^^ k = {h, ..., ka) € N'^. 

After a preliminary spectral study when the action of S has a Lebesgue spectrum, 
we consider totally ergodic d-dimensional actions given by commuting endomorphisms 
>0 ' on a compact abelian connected group G and we show a CLT, when / is regular on G. 

When G is the torus, a criterion of non-degeneracy of the variance is given. 
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Introduction 

Let S be an abelian finitely generated semigroup of endomorpfiisms of a probability 
space {Q, A, fi). Each T G 5 is a measurable map from f2 to fi preserving the probability 
measure /x. For / e L^if^) a random field is defined by (/(T.)tg5) for which limit 
theorems can be investigated: law of large numbers, behavior in distribution. 

By choosing a system (Ti, ..., Td) of generators in S, every T G S can be representee^ as 
T = T- = T^\..T^'', for k = (ki, ..., kd) G N*^. Given an increasing sequence of domains 
{Dn) C N°', a question is the asymptotic normality of the standard normalized sequence 
and the "multidimensional periodogram" respectively defined by 

(1) |D„r5 ^ T^/, \Dn\-"^ Yl e2-fe^>TV, f^Llifi), eeR''. 

Let us take for [Q, A, /i) a compact abelian group G endowed with its Borel a-algebra 
A and its Haar measure fi. In this framework, the first examples of dynamical systems 
satisfying a CLT in a class of regular functions are due to R. Fortet and M. Kac for endo- 
morphisms of T^. In 1960 V. Leonov ([H]) showed that, if T is an ergodic endomorphism 
of G, then the CLT is satisfied for regular functions / on G. 

The d- dimensional extension of this situation leads to the question of validity of a CLT 
for algebraic actions on an abelian compact group G, i.e., when T- in Formula ([T]) is 
given by an action of N'^ on G by automorphisms or more generally endomorphisms. 

By composition, one obtains an action by isometries on H = LKfi), the space of square 
integrable functions / such that yu(/) = 0. The spectral analysis of this action is the 
content of Section [T] where the methods of summation are also discussed. 

In Section [2] we consider d- dimensional actions given by commuting endomorphisms on 
a connected abelian compact group G. For a regular function f on G, a. CLT is shown 
for the above normalized sequence (Theorem I2.18P and other summation methods like 
barycenters (Theorem I2.2ip . as well as a criterion of non- degeneracy of the variance 
when G is a torus. The barycenters yield a class of operators with a polynomial decay 
to zero of the iterates applied to regular functions. This contrasts with the spectral gap 
property for non amenable group actions by automorphisms on tori. 

When (Dn) is a sequence of d- dimensional cubes, for the periodogram in ([1]), given a 
function / in Lq{G), the CLT is obtained for almost every 6, without regularity require- 
ment. 

When G is a torus, using the exponential decay of correlation, the CLT can be shown for 
a class of functions with weak regularity and one can characterize the case of degeneracy 
in the limit theorem. In an appendix, classical results on the construction of Z'^-actions 
by automorphisms are recalled. 



We underline the elements of N"^ or Z'' to distinguish them from the scalars and write T—f for / o T-. 
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One of our aims was to extend to a larger class of semigroups of actions by endomorphisms 
the CLT proved by T. Fukuyama and B. Petit ([ID]) for semigroups generated by coprime 
integers on the circle. Their result corresponds, in our framework, to sums taken on an 
increasing sequence of triangles in N^. 

After completion of a first version of this paper, we were informed by B. Weiss of the 
recent paper by M. Levine ([19j) in which the CLT and a functional version of it are 
obtained for actions by endomorphisms on the torus. The proof of the CLT for sums 
on (i-dimensional "rectangles" is based in both approaches, as well as in [10], on results 
on S'-units. In the present paper we use the formalism of cumulants and the result of 
Schmidt and Ward ([24j) on mixing of all orders for connected groups deduced from a 
deep result on S'-units. We make use of the spectral measure which is well adapted to a 
"quenched" CLT and a CLT along different types of summation sequences, in particular 
the iterates of barycenters. The connectedness of the group G is assumed only for the 
CLT. 



1. Spectral analysis 

In this section we consider the general framework of the action of an abelian finitely 
generated semigroup S of isometries on a Hilbert space 7i. We have in mind the example 
of a semigroup S of endomorphisms of a compact abelian group G acting on 7^ = 
Lg(G', ju), with fi the Haar measure of G. 

With the notations of the introduction, every T E S is represented as T = T- = T^^.-.T^"^, 
where (Ti, ..., T^) is a system of generators in S and £= {£i, ...,£d) G N'^. 

Given / G "H, for c/ > 1, there are various choices of the sets of summation Dn for the 
field (T-f,i G N''). We discuss this point, as well as the behavior of the associated (by 
discrete Fourier transform) kernels. The second subsection is devoted to the spectral 
analysis of the (i-dimensional action. 

1.1. Summation and kernels, barycenters. 

If (-D„)„>i is a sequence of subsets of N*^, the corresponding rotated sum and kernel are 
respectively: EteD„ e^"'^"'^^^"/ and ^| Etei5„ e^"'^-'*^- The simplest choice for (D„) 
is an increasing family of d- dimensional squares or rectangles. 

Notation 1.1. More generally, we will call summation sequence a uniformly bounded 
sequence (Rn) of functions from N'' to M"*". It could be also defined on Z'^, but for 
simplicity in this section we consider summation for £ G N*^. If T = (T-)^gj^d is a 
semigroup of isometries, an associated sequence of operators on "H can be defined by 

Rn{T) -.fen^ RniT)f := Y, Rn{L)T'-f. 



GUY COHEN AND JEAN-PIERRE CONZE 



We will write simply i?„ instead of Rn{T). By introducing a rotation term, these oper- 
ators extend to a family of operators R^, for 9 G M"^, 



We have || Z^teN'' -^«(^)^^''*^"''^llL2(T<*,dt) = Z^ign^ l-Rn(^)P- Taking the discrete Fourier 
transform, we associate to Rn the normalized "kernel" i?„ defined on T'^ by: 

IV .R {f\p^-^^kLt)\2 



Definition 1. We say that (-Rn) is regular if (-R„)„>i weakly converges to a measure C 
on T*^, i.e., L^Rufdi — > L^fd^ for every continuous function ip on T'^. If (Rn) is 

regular and ( is the Dirac mass at 0, we say that (-Rn) is a F0lner sequence. 

If (-Rn) = (1d„) is associated to a sequence of sets Dn C N'^, one easily proves that (Rn) 
is a F0lner sequence if and only if (Dn) satisfies the F0lner condition: 

(2) lim \Dn\~^\{Dn + p) n DnI = 1, Vj9 G Z'^. 



Examples, a) Squares and rectangles. Using the usual one-dimensional Fejer kernel 

J_ / sinTrTVi 
A' ^ sin-Tri 



Kffit) = ■l(^ sm7rjyt ^2^ -j-j-^g d- dimensional Fejer kernels on T'^ corresponding to rectangles 



are defined by ir,Vi,...,^,(ti, ..., td) = K^^ih) ■ ■ ■ KnM, N = {N,,...,Nd) G N''. They 
are the kernels associated to Dn_ := {A; G N'' : ki < Ni,l < i < d}. 

b) A family of examples satisfying (|2]) can be obtained as follows: take a non-empty 
domain -D C M'^ with smooth boundary and finite area and put Dn = XnD fl Z'^, where 
(An) is an increasing sequence of real numbers tending to -|-oo. 

c) Kernels with unbounded gaps If (-D„) is a (non F0lner) sequence of domains such that 
lim„ — =Tg--j — — = for p 7^ 0, then hmn(-Rn * ¥')(^) = Jjd ^{t)dt, for every 6' G T'^ and (^ 
continuous, where (-R„) is the kernel associated to {Dn). 

For example, let kj be a sequence with kj+i — fcj — )■ oo and put Dn = {kj : < j < 
n — 1}. For p 7^ the number of solutions of kj — ki = p, for j,£ > is finite, so that 
limn-.oo '^^"1^^;"^^"' = for j9 ^ 0. 

d) Iteration of bary center operators Let Ti,...,Trf be (i commuting unitary operators 
on a Hilbert space Ti. If (pi,...,prf) is a probability vector such that pj > 0,Vj, for 
9 = {9i, 92, ..., 9d) G T"^, we will consider the barycenter operators defined on Ti by 

d d 

(3) P--f^Yl P^ ^^f^ Pe--f^J2P^ ^'"''^ ^i/- 

i=i j=i 

The iteration of P or Pg gives a method of summation which is not of F0lner type. 
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1.2. Lebesgue spectrum, variance. 

Let 5 be a finitely generated torsion free commutative group of unitary operators on 
a Hilbert space "H. Let (Ti,...,T(i) be a system of independent generators in S. Each 
element of S can be written in a unique way as T- = T^^ ...T/ , with £ = (£i, ..., £d) £ '^'^i 
and £ — )■ T- defines a unitary representation of Z'^ in "H. 

For every / G "H, there is a positive finite measure Vf on T'^ such that, for every I G Z'^, 
z>^(£) = (T^i...T^V,/). 

Definition 1.2. Recall that the action of 5 on "H has a Lebesgue spectrum, if there exists 
/Co; a closed subspace of "H, such that the subspaces T-JCq are pairwise orthogonal and 
span a dense subspace in Ti. 

The Lebesgue spectrum property implies mixing, i.e., lim||„||_^oo I {T-f, g)\ = 0, V/, g ETi. 
With the Lebesgue spectrum property, for every / G "H, the corresponding spectral 
measure Uf of / on T'^ has a density ^pf. A change of basis induces for the spectral 
density the composition by an automorphism acting on T'^. 

A family of examples of Z'^-actions by unitary operators is provided by the action of 
a group of commuting automorphisms on a compact abelian group G. In the present 
paper, we will focus mainly on this class of examples. 

Notation 1.3. For any orthonormal basis {il)j)j^j of /Cq) the family {T^j)j^jj^^d is 
an orthonormal basis of "H. Let Tij be the closed subspace (invariant by the Z'^-action) 
generated by {T^^j)^^^d. 

We set ttj^n '■= ifjT-ipj), j G J. Let fj be the orthogonal projection of / on Tij and jj 
an everywhere finite square integrable function on T'^ with Fourier coefficients aj,„. 

The spectral measure of / is the sum of the spectral measures of fj. For fj, the density 
of the spectral measure is |7jp. Therefore, by orthogonality of the subspaces Tij, the 
density of the spectral measure of / is ^Pf(t) = Xligj l7i(^)P- 

We have: /^, J2jeJ l7j(^)l' d9 = EjejE„ez<^ ki.nl' = /t<^ Vfi^) dd = ||/f < oo and the 
set Ao(/) := {9 eT"^: 'ZjeJ lljW < oo} has full measure. 

For 6 in T'^, let Mgf in /Co (with orthogonal "increments") be defined by: 

(4) Me/:=^7,W^r 

j 

Under the condition Xljej ( Xln Wj,n\) < +oo, Mgf is defined for every 9, the function 
6 — 7> II Me II 2 is continuous and is equal everywhere to (/?/. For a general function / G 
Lq{G), it is defined for ^ in a set Ao(/) of full measure in T'^. 

Remark that the choice of the system (ipj) generating the orthonormal basis (T^j) is not 
unique, so that the definition of Mgf is not canonical. But for algebraic automorphisms 
of a compact abelian group G, Fourier analysis gives a natural choice for the basis. 
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Approximation by orthogonal increments 

The rotated sums of Mef approximate the rotated sums of / in the following sense: 

Lemma 1.4. Let (Rn) be a summation sequence with associated kernel (Rn)- 
a) Let C be a space of functions on T*^ with the property that ifO<LpEC and |'?/'p < ip, 
then Ip, \ip\'^ G C. Suppose that, for every v^ € £, lim„(i?„ * ^){t) = (p{t) for a.e. t E T^. 
Then, if f in L^fi) is such that ipf G C, we have for 9 in a set A(/) C Ao(/) of full 
Lebesgue measure in T"^: 

, \\EeemRn{l)e'-^^^^'^Ty-Mef)\\l 
(5) lim = ^^^ = 0. 



b) If the functions iff, ^ • |7jP, 7j, for all j in J, are continuous and if ^jiP) = 
X]j l7i(^)P^^; then, for any F0lner sequence (Rn), ^ holds for every 9. 

Proof. The proof of a) is analogous to that of Proposition 1.4 in ^. The projection of 
/ — Mef on Tij is fj — lj{9)ipj and its spectral density is 

ieJ j j j 3 

We have 



(6) = ^^ IP /.x|2 = / Rnit-9) ^f^Mefit) dt. 



Observe that |7jp < iff. Let Aq(/) be the set of full measure of 6''s given by the 
hypothesis such that convergence holds at 9 for |7jP, 7j, Vj G J, and Xljgj l7iP- 

Take 9 G Ao(/) fl Aq(/). Let e > and let Jq = Jo{s, 9) be a finite subset of J such that 

E,^jjljm'<e. Since 

lim / Rn{t-9) y2\lM^dt 

= lim f Rn{t -9) J" |7j(t)p dt - lim f Rn{t - 9) J" \lj{t)\^ rft = V \-fj 

we have 

lim sup / Rnit - 9) ipf^Mefi't) dt 

n Jjd 

<lim / R4t-9) J2 [\lAt)\' + hm'-lAmm~^AthM dt 
+21im / Rn{t-9) E Mt)\' + bM\'] dt 



E 07.WP+ I7.WP -7,m(^) -7,(%,W] +4E I7.WP < + 4e. 



CLT FOR COMMUTATIVE SEMIGROUPS OF TORAL ENDOMORPHISMS 7 

Therefore A(/), the set for which ([5]) holds, contains Ao(/) fl Aq(/) and has full measure. 
The proof of b) uses the same expansion as in 1). D 

Variance for summation sequences 

Let (-Dn) C N°' be an increasing sequence of subsets. For / e LKfi), the asymptotic 
variance at 6 along (-Dn) is, when it exists, the limit 

II %p p27ri(|,6»)7n| .||2 

(7) (^eKf) = lim = — . 

n \Un\ 

By the spectral theorem, if Lpf G L^iT'^) is the spectral density of / and i?„ the kernel 
associated to (-D„), then 

(8) |D„ri II Y. e'-'^'-'^T'-fWl = {Rr. * ^f){e). 

If {Dn) is a sequence of rf-dimensional cubes, we obtain, when it exists, the usual as- 
ymptotic variance at 9. By the Fejer-Lebesgue theorem, for of cubes, for every f in 71 
it exists and is equal to ff{0) for a.e. 9. 

When (ff is continuous, for F0lner sequences, for every 9, the asymptotic variance at 
9 is ^f{9). More generally, if {Rn) is a regular summation sequence with (i?„) weakly 
converging to the measure C, on T'^, the asymptotic variance at 9 is /j.^ ^f{9 — t) d((t). 

Variance for barycenters 

Let P and Pg be defined by ([3]) for d commuting unitary operators Ti, ..., T^^ on a Hilbert 
space Ti generating a group S with the Lebesgue spectrum property and let (pi, .■.,Pd) 
be a probability vector such that pj > 0, Vj. If y?/ is the spectral density of / in "H with 
respect to the action of S, we have: 

» d 

\\Pef\\l= / |Vp,e2'^^*^f>/(^i-ti,...,^,-t,)dti...rft,. 

In order to find the normalization of P"/ for / G H, we need an estimation, when 
n — )■ cxD, of the integral J„ := /^^ I X]jPj<2^'^**^P" dti...dtd. 

Proposition 1.5. // (pi, ..■,Pd) is a probability vector such that pj > 0, Vj, we have 

(9) limn"^ / | Vp.e^^^^^f " dti...dtd = {An)-^ {pi...pdY^. 

Lemma 1.6. Let r be an integer > 1 and let (gi, ...,gr) be a vector such that qj > 0,Vj 
and J2j Q'j ^ 1 ■ Then the quadratic form Q on W defined by 



(10) Q(t) = ^^^.t2_(^g^.t 



.)' 
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is positive definite with determinant (1 — ^ . qj) qi...qr- 

Proof. The proof is by induction on r. Let us consider the polynomial in ti of degree 2: 

qiti + J2 <i3t] - i^iti + Yl ^^■^^■)' = (^1 - ^i)^i - 2^iE ^^-^j)^! + Yl ^j-^l - E ^j-^. 



.)'■ 



It is always > 0, since its discriminant 

2 2 2 2 ^-"^ 2 "^-"^ 

is < for J2]=2^'j 7^ by the induction hypothesis, since j^— > and Yl]=2 T^~ — ^■ 
The quadratic form is given by the symmetric matrix: A = diag (gi, ..., g^) B, where 



B 



(\ - qx -q2 ■ -Qr \ 
-qi 1 - g2 • -Qr 

V -Qi -?2 • 1 - qrj 



The determinant of B is of the form a + J2jt^j1jy where the coefficients a, f3i, ..., f3r 
are constant. Giving to qi,...,qr the values except for one of them, we find a = 1, 
/3i = /32 = ••• = /3r = — 1- Hence det A = {1 — ^ . q^) qi.-.qr- □ 

Remark that the positive definiteness follows also from the properties of F, since Q gives 
the approximation of F defined below at order 2. 

Proof of Proposition li.51 Since | ^■PjC^'^**-' p" = |j5i + ^ • gPi^^''**"*^"*^^^"') we have 
In = Jj,-i \pi + E.taP.e'"'*^!' " dt2...dta. 

Putting qj := Pj+i, j = 1, ...,d — 1, r = d — 1, we have qj > 0, J2i1j < 1- With the 
notation F{t) := 1 — |1 + Y7j=i1ji^'^'"'^^ ~ 1)P ^^e computation reduces to estimate: 

4 := f [\l + y"g^.(e2-**. _ 1)|2]" dti...dtr = / [1 " F (t)]'' dti...dtr. 

A point t = (ti, ...tr) of the torus is represented by coordinates such that: — | < tj < |. 
We have F{t) > and F{t) = if and only if t = 0. Let us prove the stronger property: 
there is c > such that 

(11) Fit)>c\\tf, Vt:-i<i, <^. 

Indeed Inequality ( ITTj) is clearly satisfied outside a small open neighborhood V of 0, since 
F{t) is bounded away from for t in V. On V, we can replace F by a positive definite 
quadratic form as we will see below. This shows the result on V. 
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From the convergence 

limni / (1 - F(t))" dt < \imn^{l - c-^i^^)- = 0, 

L_ 11-11 y^ J 

it follows, with Jn := Ju^jr.uiKinnxi^ - -^U))" dt. 



limn5 / (1 -F(t))" 4 = limra2j„. 

By taking the Taylor approximation of order 2 at of the exponential function e**^ = 
l + itj-^ + i'fiitj) + 72(tj), with |7i (tj) + |72(i^i)| = od^jH, we obtain: 

F(t) = Q(27rt)+7(t), withg(t) = ^g,t2_^^^.^^.)2 and 7(t) = o(l|tf ). 

The quadratic form Q is the form defined by flTUl) . Therefore, it is positive definite by 
Lemma [LHl and there is c> such that Q{t) > c||tf , Vt e W. 

We have lim5|oSup||j||<5F(t)/(5(27rt) = 1. With the notation u = {ui, ...,Ur), t = 
(ti, ...,tr) and the change of variable u = \/nt, we get: 

n^Jn- [ {l-Qi^Tdu^-^ [ e-^^^Uu. 

We have J^^ ^-Qi'^) dy^ = 7^5 det(A)~2 = vr^ (pi...p(^)~2 . Therefore we obtain: 
hmn^ [ I Vp,e2-*^f " dh...dU = (47r)-5 (pi.-.p^)"^- 

D 



o2Tvit-\ I ^.lirito 



Example: With Kn(ti,t2) := y^|( g '" ^+g '"'^ -^pn^ ^^ j^g^^g J^^ Kn{ti,t2)dtidt2 — )■ 1. 
This can be shown also using Stirling's approximation: 

2 






/vm /2n\ 

fc=0 ~ ' 



Proposition 1.7. If ^f is continuous, then for every 6 eT'^ we have 
(12) lim (47r)^(pi...p,)^n^||P,V||2= [ ^fiO^ + u, ...,9^ + u) du. 

ra— )-00 /rn. 

Proof. Let us put c,i := (Itt)^" {Pi---Pd)^ n^~ for the normalization coefficient and 



d 



ir„(ti,...,trf):=c„|5^p,e2-*^f". 

We have c„ HPJ^/H^ = {Kr, * ^/)(^i, ..., 6^) and, by © /t^ i^n(ti, ..., td) rfti...c?td ^ 1. 

Let us show that for ip continuous on T'', lim„ J^^ Kn f dti...dtd = /^ ip{u, ..., u) du. Using 
the density of trigonometric polynomials for the uniform norm, it is enough to prove it 
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for characters Xkit) = e^'^*^^ '^^*^, i.e., to prove that for (f = Xk the hmit is if ^^ k^ ^ 0, 
and 1 if ^^ ki = 0. We have 

Therefore it remains to show that the hmit of the first factor when n — )■ oo is 1. Using 
the proof and the result of Proposition II. 5[ we find that this factor is equivalent to 

(47r)^ bi...p,)i / (1 - g(^))V-^^'^'=^-^ du, 

7{||u||<lnn} V^ 

which tends to 1. D 

1.3. Nullity of variance and coboundaries. 

Let "H be a Hilbert space and let Ti and T2 be two commuting unitary operators acting 
on "H. Assuming the Lebesgue spectrum property for the Z^-action generated by Ti and 
T2, we study in this subsection the degeneracy of the variance. Here we consider, for 
simplicity, the case of two unitary commuting operators, but the results are valid for any 
finite family of commuting unitary operators. 

Single Lebesgue spectrum 

At first, let us assume that there is ip & Ti such that the family of vectors T^T2il' for 
{k,r) G Z^ is an orthonormal basis of "H (simplicity of the spectrum). 

Lemma 1.8. Let f be in Ti and f = X](/cr)ez2 '^fc.r ^i^^J "^ be the representation of f in 
the orthonormal basis {T^T2ip, (fc, r) G Z^) . // 

(13) ^•= 5Z (l + l^l + kl)|afc,r| < +00, 
there exists u,v ETi with \\u\\, \\v\\ < A such that 

/=( Yl ak,r)^ + {I-T,)u+{I-T2)v. 

{k,r)£lP- 

V J2ik r)e7? '^k,r = 0, then f is sum of two coboundaries respectively for Ti and T2: 

f = {I-T,)u + {I-T2)v. 

Proof. 1) We start with a formal computation. Let us decompose / into vectors 
whose coefficients are supported on disjoint quadrants of increasing dimensions. If 

/ = Efc,rez2 ak,rT^T:^i), we write 

(14) / = /o,o + /i,o + /o,i + /-i,o + /o,-i + /i,i + /-i,i + /i,-i + /-i,-i, 
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with 



/o,o = aofiip, /i,o = ^ttkfiT^ip, /o,i = ^ao,rTJ^, 

fc>0 r>0 

/-i,o = ^ a-fc,o Tf ''V', /o-i = ^ao-rT2">, 

fc>0 r>0 

fc,T->0 fc,r>0 

k,r>0 k,r>0 

For each component given by a quadrant, we solve the corresponding coboundary equa- 
tion up to constant x i/j. 

With / decomposed as in flT^ . the components can be formally written in the following 
way, with £j, e[ G {0, +1, —1}, for i = 1,2: 



/o,o = «o,o = ao,o^, fe,,o = «°i,o + (T^' - I)Kl',t fo,e2 = «o,£2 + (^1' - ^)«o;£2 

feus. = <,., + (Tr - /XJ, + (Tf - /)«°;% - (T- - /)(r- - i)uli:li, 

where 



^ei,0 



'"0,£2 



"'ei,e2 



«.!,« 



t>l fc>0 t>fc+l 

s>l r>0 s>r+l 

,s>l kO,r>l t; 

E (E «..fc,e2.)rr'T->, 



t,s>l A:0,r>l t>fc+l 

0,£2 _ 
2 

fc>l,r>0 s>r+l 



'"'" - E( E ^s,t,s,s)Tr'Tri^. 



ei,e2 

fc,r>0 t>fc+l,s>r+l 



More explicitly we have, for instance, 

A,o = <o + m - ^)^};o = (E «*.o) ^ + m - ^) E( E «*'o)^' ^]' 



t>l A:>0 t>A:+l 

1,0 , /rn rN 0,1 , /rn rN /^n rN 1,1 



= (E «m) ^ + m - ^) [ E ( E «*.^) ^'^2>] 



t,s>l fc>0,r>l i>fc+l 



+m-/)[ E (E aM)T^i'7^2^]-m-^)m-/)[E( E ^t,s)T,'n^p]. 

k>l,r>0 s>r+l k,r>0 t>k+l,s>r+l 
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By summing the previous expressions, we obtain the following representation of /: 

1,2 T^-l 1,-2 I -1,2 rp-1 -l,-2\ 



+ (r2-/)K-^2 ^W-2 + «2' -^2 ^^-2 +«2 ' " ^^ 



U 



The first term is the vector a{f)ip, where a(/) is the constant J2kr£Z'^'^k,r obtained as 
the sum Uq + u^ + U2 + u^^ + u^_2 + Uq + Uq ' + Uq~ + Uq '^ . The second term is a 
sum of coboundaries. If a(/) = 0, then / reduces to a sum of coboundaries. 

2) Now we examine the question of convergence in the previous computation. We need 
the convergence of the following series (for 81,82 = ±1): 

/ ^ 0'£lt,£2S) / J (^eit,£2r) / J (^£lk,£2S} / ^ Oi£lt,£2S-l 

t,s>l t>k+l s>r+l t>fe-|-l,s>r-|-l 



7 , I 2^ (^£it,£2r\ ; 2^ I 2^ «£ifc,£2s| 5 2^ I 2^ 0,£lt, 

k>0,r>l t>k+l k>l,r>0 s>r+l k,r>0 t>k+l,s>r+l 



|2 
£2*1 ■ 



Sufficient conditions for the convergence are: 

y^ \ak,r\ < +00, ^ ( ^ \as-,t,s2r\f < +00, 

fc,rGZ2 fc>0,r>l t>k+l 

Yl (^ \(^e^k,e2s\f <+00, ^( Yl \as,t,e2s\f < +00. 



We have: 



k>l,r>0 s>r+l k,r>0 t>k+l,s>r+l 



Yl ( Y i«t.«i)^= Y ( 5Z Wt,s\Wt',s'\) 

k>0,r>0 t>k,s>r k>0,r>0 t,t'>k,s,s'>r 

— Z-^ \0't,s\\0't' ,s'\ / ^ lo<A,<inf(t,f') / ^ lo<r<inf(s,sO 

t,t'>0,s,s'>0 fc r 



= Y^ |a4,s||a4/,s'| (1 + inf(t,t')) (1 + inf(s,s')) 

t,t'>0,s,s'>0 

< Y |aMl|atvl(l + ^ + s)(l + t' + s') = ( 5^ (l+t + s)|ai,,|)2. 

t,i',s,s'>0 t>0,s>0 

An analogous bound is valid for the indices with ± signs. Therefore, convergence holds 
if (fT3|) is satisfied and we get Xlteza (1 + ll^ll) kt| ^s a bound for the norm of the vectors 

„,0 ,,'^1''^ 7,0 9/''''^2 „,0 ,,£i,0 „,0,£2 ,,ei,e2 H 

"■£1,0' "£1,0' "0,£2' "0,£2' "£l,£2' "'£l,£2' "£l,£2' "£l,£2' 
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Countable Lebesgue spectrum 

We suppose now that the action on "H has a countable Lebesgue spectrum: there exists a 
countable set {ipjjj G J) in "H such that the family of vectors {T^T^^ipjyJ ^ Jy {k, r) G Z^} 
is an orthonormal basis of "H. The representation of / in this orthonormal basis is given 
by / = Ej fj = J2jeJ (E(fc,r)GZ2 (^j,ik,r)T^T^iJj), with aj^^k,r) = (/, T^T^^Jj). Recall that 

Meif) = J2^ji0),p,, with 7,(e) = J2 "M^^"^-''^- 
jeJ feez2 



Using Lemma [1 -St we have under a convergence condition: 

fj = lA^)i^j + (^ - e'"*'^Ti)«,,e + (/ - e^-^^Ts)^;,, e, Vj G J, 
/ = Meif) + (/ - e^-^^Ti) ^ «,,, + (/ - e^-^^T^) J^ v,,g. 

The result for d generators is the following: 

Lemma 1.9. Suppose that the following condition is satisfied: 

(15) 5^5^(l + ||A;r)|«,,fc|<oo. 

Then there are v,Ui, ...,Ud G Ti such that the family {T-v,n G Z'^} is orthogonal and 

d 

(16) f = y + J2iI-Tt)ut. 

t=l 

The variance is 0, if and only f is a mixed coboundary. 

For every 9, the rotated variance <Jg{f) is null if and only if there are Utfi G l-L, for 
t = 1, ..., d, such that f = Eti(^ " e^^'^'Tt)ut,e- 

In the topological framework, when the T-ipj 's are continuous and uniformly bounded 
with respect to n and j , then the functions v and Ut are continuous. 

2. Multidimensional actions by endomorphisms 

In what follows we consider a finitely generated semigroup S of surjective endomorphisms 
of G, a compact abelian group with Haar measure denoted by /i. The group of characters 
of G will be denoted by G (or H) and the set of non trivial characters by G* (or H*). 

After choosing a system Ai, ..., A^ of generators, every element in S can be represented 
as A- with the notation A- := A!l^ ...A^"^, n = (ni, ...,nd) G N'^, and we obtain an action 
n — )■ A- of N°' by endomorphisms on G. 

If / is function on G, A-f stands for / o A-. We use also the notation T-f. For T ^ S, 
we denote by the same letter its action on G and on the dual H of G. The Fourier 
coefficients of a function / in L'^{G) are c/(x) := Jq X f dfi. 
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Every surjective endomorphism A oi G defines a measure preserving transformation on 
(G, /i) and a dual endomorpliism on G, tlie group of characters of G. For simplicity, we 
use the same notation for the action on G and on G. 

The first subsections are preparatory for the CLT. 
2.1. Preliminaries. 

Embedding of a semigroup of endomorphisms in a group 

Lemma 2.1. Let S be a commutative semigroup of surjective endomorphisms on a com- 
pact abelian group G with dual group G. There is a compact abelian group G such that 
G is a factor of G and S is embedded in a group S of automorphisms of G. If G is 
connected, then G is also connected. 

Proof. We construct a discrete group H such that G is isomorphic to a subgroup of H. 
The group H is defined as the quotient of the group {{x,A),X ^ G,A G S} (endowed 
with the additive law on the components) by the following equivalence relation R: {x, A) 
is equivalent to {x', A') if A'x = Ax'- The transitivity of the relation R follows from 
the injectivity of each A & S acting on G. The map % G G — ?> {x^Id)/R is injective. 
The elements A E S act on H by {x,B)/R — )■ {Ax,B)/R. The equivalence classes are 
stable by this action. We can identify S and its image. For A E S, the automorphism 
(X, B)/R -^ {x, AB)/R is the inverse of (x, B)/R -^ {Ax, B)/R. 

We obtain an embedding of iS in a group S of automorphisms of H . If G is torsion free, 
then H is also torsion free and its dual G is a connected compact abelian group. D 

Our data will be a finite set of commuting surjective endomorphisms Ai of G such that 
the generated group S is torsion-free. 

If necessary, we consider also the group of automorphisms S on the extension G. Since 
S is finitely generated and torsion-free, it has a system of d independent generators (not 
necessarily in S) and it is isomorphic to Z'^. The rank of the action of S is d. The 
spectral analysis for S, as for S, takes place in T'^. 

Observe that, by using the projection n from G to G, a function / on the group G can be 
viewed as function on G and a character % G G as a character on G via the composition 
9 -^ xiT^g)- Putting f{x) = finx), the Fourier series of / reads: / = T^xeG '^fix) X- 
But, on an other side, we have / = J^yeG '^fix) Xi so that by unicity of the Fourier series, 
the only non zero Fourier coefficients for / are those for x ^ G. 

It follows that, for a function / defined on G, the computations can be done in the group 
G with the action of the group of automorphisms, but expressed in terms of the Fourier 
coefficients of F computed in G. 

Definition 2.2. We say that a Z'^-action by automorphisms, n — > A-, is totally ergodic 
if A^^...A^'^ is ergodic for every n = {ni,...,nd) 7^ 0. It is equivalent to the property: 
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^~X 7^ X) for 3.ny non trivial character x and n^O. For endomorphisms, we replace the 
semigroup S by the extension S defined in Lemma 12.11 

What we call "totally ergodic" in the general case of a compact abelian group G is often 
called "partially hyperbolic" for actions on a torus. 

Lemma 2.3. The following conditions are equivalent for a l/'-action T by automor- 
phisms on a compact abelian group: 
i) T is totally ergodic; 
a) T is 2-mixingQ; 
Hi) T has the Lebesgue spectrum property. 

Proof. The Lebesgue spectrum property (cf. Section [1]) for the action of S is equivalent 
to the fact that the action S on H* is free, which is total ergodicity. 

Mixing of order 2 implies total ergodicity. At last the implication (Hi) =^ (ii) is a general 
fact. D 

Remark 2.4. Finding the dimension of iS and computing a set of independent generators 
can be very difficult in practice. For G = T'' = 3, we will give explicit examples in the 
Appendix. Given a finite set of commuting matrices in dimension p with determinant 1 
for p > 3, it can be difficult and even impossible to find independent generators via a 
computation. 

In some cases the problem can be easier with endomorphisms. For instance, let Pi,i = 
l,...,d be coprime positive integers and Aj : x — )■ g^x mod 1 the corresponding endo- 
morphisms acting on T^. Then the Aj's give a system of independent generators of the 
group S generated on the compact abelian group dual of Z^ := {kllq^%k G Z'',£j G Z}. 

Notation 2.5. J denote a section of the S action on H*, i.e., a subset {Xj}jeJ C if\{0} 
such that every x ^ H* can be written in a unique way as x = A^'^.-.A^'' Xji with j E J 
and (ni, ...,nd) G Z'^. 

Using the extension, for a function / in L'^{G), we have 
(17) {f,Ay) = Y, c;(A^x)^7(xy- 



For the vahdity of this formula we suppose XlvgH k/(^~x)l |c/(x)l < +oo. When / 
is defined on G, the formula can be written, with / the extension of / to G and the 
convention (*) that the coefficients Cf{A-x) are replaced by if A-x ^ H, 

(18) {f,A^f) = J2 Cf{A^x)^JU()- 

xeH 



Mixing of order 2 is defined in Definition [TT^] (here H = Lq{G, fi)) or equivalently by lini„_j.oo /^(^i n 
T-^Bs) = m(Si)M52), VBi,B2 e A 
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Functions with absolutely convergent Fourier series 

We denote by ACo{G) the class of real functions on G satisfying /i(/) = and with an 
absolutely convergent Fourier series, i.e., such that 

(19) 11/11, :=^|c;(x)|<+oo. 

Theorem 2.6. /// is in ACo{G), then Y^n^i-^ \{^~f-, /)l < oo, the variance cr^(/) exists, 
"^^(Z) = SneZ'* (^~/' /) ^'^^ ^^^ spectral density iff of f is continuous. 

Moreover, if M is any subset of G and /i(x) = TliyeN'^f^^)^' ^^^'"' 

(20) ||^/||oo<||/-/i||^ 
In particular, a{f - /i) < ||/ - fi\\^. 

Proof. We use the convention (*) in the notations. By total ergodicity, for every x ^ 
if*, the map n E Ij^ -^ A-x G H* is injective, and therefore J2n&Z'^ |c/(^"x)l ^ 
^ysg* 1*^/(^)1- "^^^ spectral density of / is 

(21) ^At) = J2\^At)\' = J2\ E c^(^%-)e^^^<^'*>P- 

ieJ jeJ neZ''\{o} 



We have: 



jeJ jeJ nei-i 

< E(E i^/(^%-)i)(Ei^/Wi) ^ C£\cf{x)\f 

j&J neZ'i X X 



u 



Approximation by Mq 

In the algebraic setting of endomorphisms of compact abelian groups, the family (ipj) of 
the general theory (Subsection 11.21) is (Xj)- We have 

a,,„ = (/,T^X,)=c/(T^X,), 

Hence, Mef is defined for every 6, if J2jeJ ( S„ez<* \cf{T-Xj)?) < oo. 

Let us assume that / has an absolutely convergent Fourier series. Since every x ^ H* 
can be written in an unique way as x = T-Xj, with j E J and n G Z'^, we have 

E ic/(^^x,)i < E E i^/(^^x,)i = E i^/Wi = 
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Then, for every j G J, the series defining 7j is uniformly converging, 7^ is continuous and 

EjeJ hjlloo < EjejEneZ'* \cf{T^j)\ = \\f\\c- The function EjeJ l^jf is a continuous 
version of the spectral density ipf. Therefore Lemma Fl. 4b applies. 

The following lemma allows to check the condition of Lemma 11.4b in terms of the Fourier 
series of /. 

Lemma 2.7. //Eygc* |c/(x)l'" < +00 for some 1 < r <2, then the spectral density (ff, 
if^{f) = 0, zs m LP{T^) with p = 1^ > 1. 

Proof. We have ^.^(t) = E,ej bM'^ *ith 7,(t) = E„ez^\{o} cjiA^X,)e'-'^''l 

Let p := I^^Y be such that r and 2p are conjugate exponents. By the Hausdorff- Young 
theorem, we have: 

ii7,ii2p<( Yl ic/(^%-)r)^/'-- 

neZ''\{0} 

It follows, since 2/r > 1: 

<(E E i^/(^%-)n'/'-<(Ei^/wn'^'^- 

Therefore we have (^/ E Lp(T'^) and ||(^/||p < (Exgg* |c/(x)r)^^'^- ^ 

Remark that the condition of the lemma for r = 1 corresponds to / G y4Co(G'), which 
implies continuity of ipj. 

2.2. Mixing, moments and cumulants, application to the CLT. 

Reminders on moments and cumulants 

Before we continue studying actions by automorphisms, for the sake of completeness, 
we recall in this subsection some general results on mixing of all orders, moments and 
cumulants (see [12], [18] and the references given therein). Implicitly we assume existence 
of moments of all orders when they are used. 

For a real random variable Y (or for a probability distribution on M), the cumulants 
(or semi-invariants) can be formally defined as the coefficients c^^^ (Y) of the cumulant 
generating function t -> lnE(e*^) = E^o '^^^H^) ^5 i-^-, 

c(''n>^) = |^lnE(e*^)k=o. 
Similarly the joint cumulant of a random vector (Xi, ...,Xr) is defined by 

c{X,,...,Xr) = ^^-^lnE(e^^-*^^OI*i=...=^=o. 
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This definition can be given as well for a finite measure on W . 

One easily checks that the joint cumulant of (Y, ..., Y) (r copies of Y) is c^'^^Y). 

For any subset / = {ii,...,ip} C Jr := {l,...,r}, we put 

m(/) = m{ii,...,ip) := E{Xi^...Xi^), s{I) = s{ii,...,ip) := c{Xi^, ...,Xi^). 

The cumulants of a process {Xj)j^j, where JT" is a set of indexes, is the family 

{c(X,„...,X,J,(zi,...,^,)G J^r>l}. 

The following formulas link moments and cumulants and vice- versa: 

(22) c{X,,...,Xr) = s(J,) = 5^(-ir-i(p-l)!m(/i)...m(/p), 

r 

(23) E{Xi...Xr) = m(J,) = J]s(/i)...s(/p). 

V 

where in both formulas, V = {/i,/2, •••,/p} runs through the set of partitions of Jr = 
{1, ..., r} into p < r non empty intervals. 

Now, let be given a random process {Xk)i^^id, where for k G Z'^, Xk is a real random 
variable, and a summation kernel R with finite support in Z*^ and values in M+. (For 
examples of summation kernels, see Section [H in particular Proposition ll.7p . Let us 
consider the process defined for fc G Z'^ by 

Yk = J2 ^(^ + ^) ^^' ^ ^ ^''• 



By permuting summation and integral, we easily obtain: 

c(n^,...,nj= Yl c{Xe^,..-,X,jR{i, + k,)...R{ir + kr 

In particular, we have for Y = J^eez^ R{i) Xf. 



(24) cW(r) = c{Y,...,Y) = Yl c{Xe^,...,X,jRii,)...R{Q- 

(i^,...,i,)<-(Z'ir 

Limiting distribution and cumulants 

For our purpose, we state in terms of cumulants a particular case of a theorem of M. 
Frechet and J. Shohat, generalizing classical results of A. Markov. Using the formulas 
linking moments and cumulants, a special case of the "generalized statement of the 
second limit-theorem" given in [H] can be expressed follows: 

Theorem 2.8. Let {Z"',n > 1) be a sequence of centered r.r.v. such that 

(25) limc(2)(Z") = a^, limc(^)(Z'^) = 0,Vr > 3, 
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then (Z") tends in distribution to A/'(0,a^). (If a = 0, then the limit is 6q). 

It implies the following result (cf. Theorem 7 in [T7]): 

Theorem 2.9. Let (Xfc)fcg^d be a random process and {Rn)n>i « summation sequence 
on Z'^. Let (F")„>i be the process defined by F" = J2e Rn{i) ^i,n > 1. Under the 
assumptions lim„ ||i^"||2 = +oo and 

(26) Yl c{Xe^,...,XejRn{l,)...Rn{i,) = o(||r"||g,Vr > 3, 



tends in distribution to Af{0, 1) when n tends to co. 



||yn|| 

-l-Vn 



Proof. Let /3„ := ||r"||2 = || E^ MQ Hh and Z„ = p-^Y^' 

We have using (El, cW(Z") = P^'' E(i,,...,£je(zd)'- c(^£i, -.^^J R{i^)...R{Q. The the- 



orem follows then from the assumption fl2H]) by Theorem 12.81 applied to {Zn)- □ 

Definition 2.10. ^4 measure preserving N'^- or l/'-action T : n ^ T- on a probability 
space {Q,A,fj.) is r-mixing, r > 1, if for all sets Bi, ...,Br G A 

r r 

lim fi{nT-^Be) = llfi{Be). 

Notation 2.11. For / G L'^, the space of measurable essentially bounded functions 
on {Q, jj) with J f dfi = 0, we apply the definition of moments and cumulants to 
{T^if,...,T^rf) and put 

(27) mj{n„...,n^) = jT^^f...T^rfd^^ Sf{n,, ...,n^) := c{T^^f, ...,T^r f)_ 

In order to show that the cumulants of a system which is mixing of all orders are asymp- 
totically null, we need the following lemma. 

Lemma 2.12. For every sequence (z^i, •••,Zlr) ^^ {Z'^Y , there are a subsequence with 
possibly a permutation of indices (still written {ni, ■■■,n^)), an integer K,{r) G [l,r] and 
a subdivision 1 = ri < r2 < ... < r^i^r)-! < ^^{r) < r of {1, ...,r}, such that 

(28) lim min \\n'l — n'l 11 = oo, 

k l<s^s'<K{r) " « 

(29) nj = n^^ + a^, for r,<j< r^+i, s = 1, ..., K{r) - 1, and for r^^r) < j < r, 

where a • is a constant integral vector. 

If the sequence (n^, ...,?i^) satisfy linifcmaxj^j \\nf ^BljH = oo, then the construction can 
be done in such a way that K{r) > 1. 

Remark that if sup^ maxj^^ \\nf ~ BljH < oo, then K{r) = 1 so that (I28p is void and 
is void for the indexes such that r^+i = r^ + 1. 
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Proof. The proof is by induction. The result is clear for r = 2. Suppose we have construct 



■r-l) 



the subsequence for the sequence of r — 1-tuples (nj^, ...,n: 

Let 1 < ri < r2 < ... < ^^(r-i) < r — 1 be the corresponding subdivision of {1, ...,r — 
1}, as stated above for the sequence (z^i, •••,Zlr-i)- If the sequence (z^i, •••,Z^r-i) satisfy 
linifc niaxi<j<j<r-i ||ri^ — n/jW = oo, then ^(r — 1) > 1 by construction in the induction 
process. 

Now we consider {n\, ...,n^). If linifc ||n^ — nf || = +oo, for all i = I, ...,r — 1, then we 
have just to take 1 < ri < r2 < ... < r^(^r-i) < '"^{r) = r as new subdivision of {1, ...,r}. 

If liminffc ||n^ — nfj\ < +oo, for some s < ^{r — 1), then along a new subsequence (still 
denoted with the same notation) we have n'^ = n'^ + a.^, where a.^ is a constant integral 
vector. After changing the labels, we insert Ur in the subdivision for {1, ...,r — 1} and 
obtain the new subdivision for {1, ...,r}. 

For the last condition on k, suppose that lim^ maxi<j<j<r \\ni — Z^^|| = oo. 

Then if liminffcmaxi<j<j<r_i ||zif — Z^^|| < +C)0, necessarily, K{r) > 1. If, on the contrary, 
the sequence (n^, ...,11^-1) satisfy limfc maxi<j<j<r-i \\nf — n^|| = 00, then ^(r — 1) > 1 
so that K{r) > K,{r — 1) > 1. D 

Lemma 2.13. If a 'Z'^- dynamical system is m,ixing of order r > 2, then, for any f G L^ , 
(30) lim SfilLi, ...,n^) = 0. 



Proof. We give a sketch of the proof. The notation Sf was introduced in ( HT^ . Suppose 
that (130|) does not hold. Then there is e > and a sequence of r-tuples (n^ = 0, ...,n^) 
such that |s/(n^, ...,nr)l — ^ and maxj^^ ||nf — n^W — )• 00 (we use stationarity). 

By taking a subsequence (but keeping the same notation), we can assume that, for two 
fixed indexes i,j, lim^ ||nf — Z^j || = 00. 

From Lemma [2.12[ it follows that there is a subdivision 1 = ri < r2 < ... < ^^(r-)-! < 
^K(r) < r and constant integer vectors a^- such that 

(31) lim min \\n'l — n^ 11 = 00, 

k l<S5^s'<K(r) " "' 

(32) n^ = n^^ + aj, for Vs < j < r^+i, s = 1, ..., ^(r) - 1, and for r^(,,) < j <r. 

Let d^k{xi, ...,Xr) denote the probability measure on R*" defined by the distribution of 
the random vector (T-i/(.), ...,T-'- /(.)). We can extract a converging subsequence from 
the sequence (/U^), as well as for the moments of order < r. 

Let us denote z/(xi, ...,Xr) (resp. z/(xjj, ...,Xjp)) the limit oi fXki^i, ...,Xr) (resp. of its 
marginal measures /ifc(xj^, ..., Xj^) for {ii,...,ip} C {l,...,r}). 
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Let (pi,i = 1, ..., r, be continuous functions with compact support on R. Mixing of order 
r and condition (ISTj) imply 

z/(v9i v^2 <S) ... ® v^r) = lim / v^i ® v^2 ® ... ® (Prdfik = lim / || v9j(/(T-^a;)) (i/i(a;) 

= [!!(/ n vMT^^^))dK^))][f n ^.(/(T^^^))rfM^)]- 

Therefore z/ is the product of marginal measures corresponding to disjoint subsets: at 
least there are Ji = {ii, ...,ip},l2 = {i'l, ■■■,i'pi} C Jr = {1, ■■■,r}, two non empty subsets 
such that Uijh) is a partition of Jr and duixi, ...,Xr) = duixi-., ..-^Xi) x duixi' , ...,Xj' ). 

" 1 p' 

Putting $(ti, ...,tr) = Inje^*^'^^ dfi{xi, ...,Xr) and the analogous formulas for z/(xij, ...,a;jp) 
and ^{xi' , ..., Xi' ), we obtain: $(ti, ..., t^) = ^(^n, ■■■yti^) + $(ti' , ..., tj/ ). It implies that 
the derivative q^^' q^ ^{h, ...,tr)\ti=...= tr=o is 0. Hence c{iy{xi, ...,Xr)) = 0. 

But this contradicts liminffc |sj(n^, ...,n^)| > 0. D 

Application to d-dimensional actions by endomorphisms 

For an action of N'^ by commuting endomorphisms on (G,/i), a compact abelian group 
with Haar measure fi, the method of moments as in [17] can be used for the CLT 
when mixing of all orders is satisfied. It gives immediately the CLT for trigonometric 
polynomials. 

Proposition 2.14. Let n : (ni, ....rid) -^ T^ = T"\..T^'' be a totally ergodic N'^-action 
by commuting endom,orphism,s on a compact abelian group G which is mixing of all orders. 
Let {Rn)n>i be a summation sequence on N'^ and let f be a trigonometric polynomial. If 

lim„ II ^^ Rn{Q T'-/||2 = c>o, then the CLT is satisfied by the sequence ( ny'jj." ~ ^ 



(QTLfh 



ln>l- 



Proof. For an action by endomorphisms of compact abelian groups, the moments of the 
process (/(T-.))„g2<* ^^i a trigonometric polynomial /(x) = J2keA^k(f) Xk{x) are: 

m/(ni,...,nj = f{T^^x)...f{T^-x) dx= ^ Ck,...CkM"iXk,-T^r^,^=i. 
•^ fci,...,fc^eA 

For r fixed, the function (fci,...,A;^) -^ ^^f{ki, ■■■jkr) takes a finite number of values, 
since by the above formula ruf is a sum with coefficients or 1 of the products Ck^-.-Ck^ 
with kj in a finite set. The cumulants of a given order according to (1221) take also a finite 
number of values. 
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Therefore, since mixing of all orders implies lim Sf{ii, ...,i^) = by Lemma 

I2.13[ there is Mj. such that Sf{ii, ...,£j.) = for maxjj ||:^j — :^j|| > M^. 

We apply Theorem 12.91 Let us check (1261) . Using fl24l) . we obtain that 

< Yl k/(o,4,-,^:)isupp„iroo. 

I/' II ll/'ll<A7 " 

l£2ll'---'llirll— ^"r 

Since the summation sequences are supposed to be bounded, J2 ^fHi^ •••! 40 Rn{ii)---Rn{i.r) 
is bounded and fl26|) is satisfied. D 

Remark that if a subsequence of lim„ || ^gRn{Q T-f\\2 is bounded, then / is a double 
coboundary. Indeed, supposing for simplicity c? = 2, we have the following lemma: 

Lemma 2.15. Let Ti and T2 generate a mixing (2-mixing) N"^ -action. For f G LKfi), 

the following statements are equivalent: 

(i) f = (I - Ti){I - T2)g, for some g G Lg(/i), 

(ii) liminf™ || Y.7=q J2T=d TfT^fW < 00. 

Proof. Let us prove {ii) =^ {i). Let (m^) be an increasing subsequence for which 
II ^"^^Zg -^1-^2^/11 ^ '-'°- ^^ "^^y ^^^^ ^ subsequence of (m^), still denoted by (m^), 
for which ^7^=0-^1-^2^/ — ^ 9 weakly. Hence, the following weak convergence holds 



£— >-oo 



{I - Ti)(/ - T2)g = lim(J - TrW - T^f = f- lim(rr/ + T^/ - TrT^f) = f 

n 



2.3. CLT for compact abelian connected groups. 

There is a subclass of actions by automorphisms satisfying the fC-property and this is a 
way to prove the CLT in that case, using martingale- type property, as shown in [3j. Let 
us mention that, for Z'^-action by automorphisms on zero-dimensional compact abelian 
groups, the K-property (or property of completely positive entropy) is equivalent to 
mixing of all orders (cf. [i24:|). We will rather focus here on an extension of the method 
of r-mixing used by Leonov for a single ergodic automorphism and use it for abelian 
groups of toral automorphisms. 

The method of Leonov 

The proof of the CLT given by Leonov in [ITj for a single ergodic automorphism T of 
a compact abelian group G is based on the computation of the moments, when / is 
trigonometric polynomial. It uses the fact that T is mixing of all orders, a property 
shown by Rohlin [21] , consequence of the i^-property for ergodic automorphisms. 



CLT FOR COMMUTATIVE SEMIGROUPS OF TORAL ENDOMORPHISMS 23 

For Z'^-actions by automorphisms on connected compact abelian groups, in particular 
on tori, the method of moments can also be used, since the mixing property of all orders 
holds (Theorem 12. 161 below) . First we prove a CLT for trigonometric polynomials using 
the mixing property, then the result is extended to regular functions by approximation. 

Mixing of actions by endomorphisms {G connected) 

For Z'^-actions by automorphisms on compact abelian groups mixing of all orders is not 
always satisfied (cf. [15], [23). In 1992, W. Phihp [20] and K. Schmidt and T. Ward [M] 
used results about the number of solutions of S'-units equations in the study of semigroups 
of endomorphisms or automorphisms on compact abelian groups. In particular, the 
following mixing of all orders for Z'^-actions by automorphisms on connected groups is a 
consequence of algebraic results on S-units ([22j): 

Theorem 2.16. / |24[ Corollary 3.3]) Let n — )■ T- be a mixing Z"^ -action on a compact, 
connected, abelian group G. Then it is r -mixing for every r > 2. 

Corollary 2.17. LetS be a semigroup of endomorphisms on a compact connected abelian 
group G. If this action is totally ergodic, it is mixing of all orders. 

Proof. We use the notations of Lemma [2?T1 The group G in Lemma [2?T] is connected and 
Theorem 12.161 applies to the group S of automorphisms of G in which S is embedded. 
The action of S is mixing of all orders, hence also the action of S. D 



CLT for N'^-action by endomorphisms 

Theorem 2.18. Let n : (rii, ...,nd) ^ T^ = T'^\..T2'' be a totally ergodic W-action by 
commuting endomorphisms on a compact abelian connected group G. Let {Dn)n>\ be a 
F0lner sequence in N*^ and let f be in AGo{G). We hav^ o"^(/) = (y3/(0) and 

^-^ ^-^ n— i>oo 

Proof. Let {Ms) be an increasing sequence of finite sets in G with union G \ {0} and let 
fs{x) := X]yeA4 '^/(x) X be the trigonometric polynomial obtained by restriction of the 
Fourier series of / to Ms- Let Z^, Z„ denote respectively 

Z: := \D^\-"^ J]i?„(£)/,(A^.), Z„ := |D„|-^ ^ /?„(£) /(A^.). 

L L 

By Theorem [22] we have a(/ - /,) < ||/ - /,||2. It follows a'^{f) := lim,a2(/,) and 
^"^{fs) 7^ for s big enough, since cr^(/) > by hypothesis. 



with the convention that the hmiting distribution is ^o if ""^(Z) ~ 0- 
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For the kernel Kn associated to -D„, by the F0lner property and ([8]), we have, if g satisfies 

\Dr,\-^\\y^R^{t)A^g\\l= [ K^fgdt -> ^g{0) = a\g). 
From Theoreni l2.16l (mixing of all orders) and the result for the trigonometric polynomial 



fs, it follows: Z^ — 7- A/'(0, cr^(/s)) for every s. Moreover, since 
limsup \Z^ — Zn\l dfi = limsup / Kn<ff-f^ dt 

n J n Jjd 

= limf K^^f.fJt = a\f-fs)<C\\f-f^ 



2 
s|l2) 



we have limsup„/i[|Z* — Z„| > e] < e ^limsup„ / \Z^ — Zn\l dP — )• for every e > 

s—>-0 

and the condition limslimsup„P[|Z^ — Z„| > £:] = is satisfied. 

The conclusion Z„ — > A/'(0,a^(/)) follows from Theorem 3.2 in [2], D 

We have in particular: 

\Dn\-'^ 5^/(A^.)^Ar(0,a^(/)). 

The previous result is valid for the rotated sums: if / in ACq{G), then, for every 6, 
(33) a'M = MO), \Dnr^ E e'-^'-'V{A^.) '^ m,^lU))- 

If / satisfies the regularity condition fl35l) . then o"g(/) = if and only if there are 
continuous functions Utfi on T^, for t = 1, ..., d, such that / = X]t=i(-^ ~ ^^^^ ■At)'^tfi- 

This applies in particular when (-D„) is a sequence of d-dimensional cubes in "L^. 

A CLT for the rotated sums for a.e. 9 without regularity assumptions 

For the summation sequence given by d-dimensional cubes, a CLT for the rotated sums 
can be shown for a.e. 9 without regularity assumptions on /. The proof relies on (E]) 
which is satisfied, for any given / G L^(G), for 6' in a set of full measure. This extends 
results of |1]. 

Theorem 2.19. Let n — > A- he a totally ergodic d- dimensional action by commuting 
endomorphisms on G. Let (-D„)n>i be a sequence of cubes in U^ . Let f G L'^{G). For 
a.e. ^ G T"^, we have a'j{f) = (Pf{9) and 






ieDn 
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Let us mention that, if we take for D„ triangles instead of squares, a CLT for the rotated 
sums is also valid for a.e. 6', provided / satisfies J^yeG k/(x)r < +00, for some r < 2. 

Other examples of kernels 

Theorem 2.20. Let (-R„)„>i be a summation sequence on Z^ which is regular and such 
that {Rn{t)) weakly converges to a measure ( on the circle. Let f be a function in ACo{G) 
with spectral density (ff. If ({ipf) 7^ 0, then we have 

E^«(^)/(^-)/(E l^"(^)l')^ ^ Ar(o,C(v^/)). 



n— >oo 



Proof. The proof is the same as that of Theorem 12.181 and uses (l20l) and the convergence: 
hm II V R^il) A^fWll V \R^{Q\^ = hm / i^„(t) ^f{t) dt = CiVf)- 

n 

Barycenter operators 

The iterates of the barycenter operators satisfy the condition of Theorem 12.201 

Let Ai,...,Ad be to commuting endomorphisms of a connected abelian group G gener- 
ating a totally ergodic action. Let P be the barycenter operator defined as in Formula 
©by: 

(34) P/(x):=^p,/(A,x). 



Observe that the coefficient -R„(£) of the expansion of the summation sequence associated 
to n^P"' tends to uniformly, when n tends to infinity (to prove it, one can use the 
local limit theorem for multinomial Bernoulli variables). 

By Proposition 11.71 and Theorem 12.201 we obtain: 

Theorem 2.21. Let f be a function in ACq{G) with spectral density iff. Assume that 
<Jp{f) := fj ffiu, u, ..., u) du 7^ 0. Then we have 

(4vr)^ (pi...p,)inVp"/(.) !^ Ar(0,4(/)). 



For the torus, the result holds for / satisfying Condition fl38|l in the next subsection. 

Example: let Ai, A2 be two commuting matrices in A^*(p, Z) generating a totally ergodic 
action on T^, p > 3. Let P be the barycenter operator: Pf{x) := ^{f{Aix) + f{A2x)). 

If ipf is continuous, then we have lim^^oo -\/7™ II -P"/ II 2 — jj Vfi'^i "") du. It follows from 
Theorem 12. 21^ for / satisfying f l55]) on T^: 

(vrn)ip"/^Ar(0,a|,(/)). 
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For any non trivial character x on G*, the spectral density is identically 1 and crp(x) = 1. 
The rate of convergence of ||P"xl|2 to is the polynomial rate given by Proposition 11.71 
If / is in ACo{G), we have (yp{f) = if and only if ^f{u, u) = 0, for every u G T^. In 



particular, by the results of Subsection \2A\ if / is not a mixed coboundary (cf. f lT6|) ). 
then (Jp{f) 7^ and the rate of convergence of ||-P"/||2 to is the polynomial rate given 
by Proposition 11.71 A test of non degeneracy on periodic points can be deduced from it. 

The condition crp{f) = is stronger than the coboundary condition. A sufficient condi- 
tion to have <Jp{f) = is that / can be written / = Aig — A2g with g G L^fi). 

Remarks. 1) The case of commutative or amenable actions strongly differs from the 
case of non amenable actions for which a "spectral gap property" is often available (|11]). 
For action by algebraic (non commuting) automorphisms Aj,j = l,...,d, on the torus, 
the existence of a spectral gap for P of the form ( 134|) is related to the fact that the 
generated group has no factor torus on which it is virtually abelian ([I]). 

2) For u a discrete measure on the semigroup T of commuting endomorphisms of G, 
we can consider a barycenter of the form Pf{x) = YItgt ^(^)/(^^)- -^^^ ^ barycenter 
with finite support, we have seen that the decay, when ipf is continuous, is of order n^~. 
A question is to estimate the decay when z/ has an infinite support and to study the 
asymptotic distribution of the normalized iterates. 

For instance, if we Pf{x) = J2q£V^(l)f(^^)^ where V is the set of prime numbers, 
{i^{q),q G P) a probability vector with u^q) > for every prime q and / Holderian on 
the circle, what is the decay to of ll-P^/112 ? 

A partial result is that, if u has an infinite support, the decay is faster than Cn~^, for 
every r > 1. Indeed, this can be deduced easily from the following observation: 

Let Pi and P2 be two commuting contractions of L^{G), such that ||-P"/||2 < Mn~^ and 
let a g]0, 1], /3 = 1 — a. Then we have: 



(aPi + /3P2r/)ii2 < J2 Q«'/3""'iiaVii2. 

1,—n \ / 



fc=0 

Using the inequality of large deviation for the binomial law, we obtain, with c < 1: 






and therefore: 



fc=0 ^ ^ 



77 
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2.4. The torus case. 

Notation 2.22. Let A^*(p, Z) denote the semigroup of p x p non singular matrices 
with coefficients in Z and G'L(p, Z) the group of matrices with coefficients in Z and 
determinant ±1. 

Every A in A4*{p, Z) defines a surjective endomorphism of T^, hence a measure preserving 
transformation on (T^, /x) and a dual endomorphism on the group of characters of T'' 
identified with Z^ (action by the transposed of A). If A is in GL{p,Z), it defines an 
automorphism of T^. For simplicity, since the matrices are commuting, we use the same 
notation for the matrix A, its action on the torus and the dual endomorphism, without 
writing transposition. 

So, when G is a torus T^, p > 1, we consider a finite set of endomorphisms given by 
matrices Ai in J^*{p, Z) . The group generated by the matrices Ai in GL{p, Q) is supposed 
to be torsion-free. 



The construction of Lemma 12.11 can be describe in the following way. Let pi be the 
determinant of Ai, for each i. If G is the compact group dual of the discrete group 
ZP := {kUpf,ke ZPJi e Z}, then Z^ is a subgroup of Zp and G has T'' as a factor. 

It is well known that ergodicity for the action of a single A G A^*(p, Z) on {TP,p) is 
equivalent to the absence of eigenvalue root of 1 for A. Recall also Kronecker's result: 
an integer matrix with all eigenvalues on the unit circle has all eigenvalues roots of unity. 

For a torus, total ergodicity is equivalent to the property that A- has no eigenvalue root 
of unity, for zi 7^ 0. Replacing n by a multiple, there is no n 7^ such that A- has a fixed 
vector V 7^ {0}. In other words, total ergodicity is equivalent to say that the Z^'-action 
n = [ni, ..., n^) : {v — )■ A-v) on Zp \{0} is free. 

Using a common triangular representation over C for the commuting matrices Aj, one 
sees that if Ai^, ..., Xpj are the eigenvalues of Aj (with multiplicity), for j = 1, ...,d, this 

d \nj 
j=l \j 



is equivalent to ([l^^iX'^j = 1 ^ (rii, ...,nd) = 0), \/i G {l,...,p}. 



Lemma 2.23. Let B G Ai*{p,Z) be a matrix with irreducible (over Q) characteristic 
polynomial P. Let {Ai, ..., A^} be d matrices in M*{p,Z) commuting with B. They 
generates a commutative semigroup of endomorphisms on Tp which is totally ergodic, if 
and only if for any n G Z'^\{0}, A- 7^ Id. 

Proof. Since P is irreducible, the eigenvalues of B are distinct. It follows that (on C) 
the matrices Ai are simultaneously diagonalizable, hence are pairwise commuting. Now 
suppose that there are n G Z'^\{0} and v &Zp\ {0} such that A-f = v. Let W be the 
subspace of M.p generated by v and its images by B. The restriction of A- to W is the 
identity. W is 5-invariant, the characteristic polynomial of the restriction oi B to W 
has rational coefficients and factorizes P. By the assumption of irreducibility over Q, 
this implies W = R^. Therefore A- is the identity. D 
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Lemma 2.24. Let S be the semigroup generated by d matrices {Ai, ...,Ad\ in }A*{p,'L) 
with the irreducibility property like in Lemma \2.2'^ with determinant Qi . If the numbers 
log \qi\ are linearly independent over Q, then S is totally ergodic. 

Rate of decorrelation for automorphisms of the torus 

The analysis for a general group G relies on the absolute convergence of the Fourier 
series of a function / on G, which is ensured, for the torus, if / satisfies the following 
regularity condition: 

(35) \cf{k)\ = 0{\\k\\~^), with f3> p. 

Nevertheless, as we will see now, for the torus, a weaker regularity condition on / can 
be used in the study of the spectral density and the CLT. This is closely related to the 
rate of decorrelation for regular functions, which is based on the following lemma: 

Lemma 2.25. (D. Damjanovic and A. Katok, [B] for automorphisms, M. Levine (^[19j for 
endomorphisms) If {A-,n G Z"') is a totally ergodic ll'- -action on T^ by automorphisms, 
there are r > and C > 0, such that for all {n,k) e Z'^ x (Z^\{0}) for which A^k G Zp. 

(36) p^^ll >Ce"ll^ll||fc||-^ 

The proof of the previous result for automorphisms uses the fact that if B is in Ai*{p, Z) 
and V a m-dimensional eigenspace of B such that V Ci Zp = {0}, then there exists 
a constant G such that, for every j G Z^\{0}, the distance d{j,V) of j to V satisfies 
d{j, V) > G\\j\\~"^ (cf. [IB], Katznelson [131 Lemma 3]) and a result of [5]. The extension 
to endomorphisms was obtained by M. Levine in the recent paper [H] mentioned in the 
introduction. 

Regularity and Fourier series 

We need some results from the theory of approximation of functions by trigonometric 
polynomials. 

For / G L^(T'^), the rectangular Fourier partial sums of / are denoted by •S'at-^ Ar^(/). 
The integral modulus of continuity of / is defined as 

!^2i5i,- ■■ ,5d,f) = sup WfiXi+n,--- ,Xd + Td) - f{Xi,--- ,Xd)\\2- 

|n|<<5iv,|T"d|<<5d 

Let JNi,...,Na{ti,- ■■ ,td) = Kjf^j^^{ti,--- ,td)/\\KN^^...,Nj\l2(jd) be the rf-dimensional 
Jackson's kernel, where -ft'Ari,...,Ar^ is the (i- dimensional Fejer kernel. 

Clearly, JNi,...,Na(tir ' ' ytd) = JNiiti) ■ ■ ■ JNaitd)- It is known that the 1-dimensional 
Jackson's kernel satisfies the following moment relations: 

1 

(37) /"' t'' Jjv(t) dt = 0{N-''), \/N>l, k = 0, 1, 2. 
Jo 
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Lemma 2.26. There exists a positive constant Cd such that, for every f G L^(T'^), for 
every Ni, ..., Nd > I, || JiVi,..,7v, * / - /lb < CdUJ2{^,--- ^^J)- 

Proof. Since ijJ2{Si,- ■ ■ ,Sd,f) is increasing and subadditive with respect to Si, we have 
for any positive numbers A^: uj2{Xi6i,- ■ ■ , XdSd, f) < (Ai + 1) ■ ■ ■ (A^ + l) a;2('^i, ■ ■ ■ ,Sd,f)- 

Using this inequahty and fl37|) . we obtain: 

\\Jm,...,Na * / - /II2 < /r 1 ird ^iVi,...,7Vd (l"l, " " " , Td) ||/(. - Ti, ■ ■ ■ , . - T^) - /||i2 dn ■ ■ ■ dTd 

L 2 '2 L 

< 2^ /jp 1 jd JAri,...,Ar^(ri, ■ ■ ■ , Trf) Wsl^, " " " , Td, f) d^ ■ ■ ■ dTd 

= 2'' /j„ .(, Jiv„...,^,(ri, ■ ■ ■ , r,) a;2(^, ■ ■ ■ , ^, /) rfn ■ ■ ■ dr, 

< 2V(]^, ■ ■ ■ , ]^, /) /[0,i['*(^l^l + 1) • ■ ■ i^dTd + 1) J^i,...,^,(ri, ■ ■ ■ , Trf) rfn ■ ■ • dTd 

U 

Proposition 2.27. There exists a positive constant Cd, such that, for every f G L^(T'^) 
and Ni,...,Nd > I, we have \\f - SN,,...,Naif)h < CdUJ2i^,--- ,^J)- 

Proof. For every trigonometric polynomial P in d variables of degree at most A^^i x ■ ■ -xNd, 
we have: ||/ — SNi,...,Na{f)\\2 < ||/ — P\\2- The result follows then from Lemma [2.261 D 

By Proposition 12.271 the following condition on the modulus of continuity: 

(38) There are a > 1 and C(/) < +00 such that U2{S, ...,6, f) < C{f) (ln^)-",V5 > 0. 



implies: 

(39) 11/ - sjv,...,iv(/)||2 < RU) (lniV)-°, with a>l. 

One easily checks that (135|) implies (l39l) . 

In what follows in this subsection, n — )■ A- is a totally ergodic Z'^-action by endomor- 
phisms on T'^. Recall that / denotes the extension to G of a function f on G (here 
G = TP) and that we use the convention (*) (i.e., we put CAn.k{f) = if A-k ^ If^. 
We denote simply by | . | the norm of an integral vector. Recall that we do not write the 
transposition for the dual action of A-. The proof of the following proposition is like 
that of the analogous result in [18] . 



Proposition 2.28. Let f G LliJP) satisfying (E^j and fi{x) := E„gM c„(/)e2'^*<^'^\ 
where A/i is a subset ofV. Then there is a finite constant B{f) depending only on R{f) 
such that 

(40) |(A^/i,/i)| <fi(/)||/i||2Nr", Vn^O. 
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Proof. It suffices to prove the result for /, since, by setting Cf{n) = outside Ni, we 
obtain ( HUj) with the same constant B{f) as shown by the proof. Let A, b, d such that 
1 < A < e^, 1 < 6 < Ap, Xb'P = d> 1. We have for n G Z'^: 

(41) (A^/,/) = E%(/)^^-^(/)= E + E • 

keZP \k\<b\2i.\ |fc|>6liil 

From Inequahty (l36l) of Lemma 12.251 we deduce that, if \k\ < 6'-', then \A-k\ > 
DX^ \k\-P > DAl^l 6-^1^1 = Drfl^l, n ^ 0. It follows, for the ffist sum: 

|fe|<bl2il |fc|<felnl |fc|<6liil |m|>Ddl2l 

By Parseval inequality and fl39l) . there is a finite constant -Bi(/) such that, for |n| 7^ 0: 

(42) ( 5^ \c^{f)\Y^ < 11/ - 3[z..i.i,...,[z..i.i]ii2 < . .^^jL. < Bmnr. 

\m\>Dd\li.\ ^ ^ ^^ 

From the previous inequalities, it follows: 

(43) I J2 Cn(/)cA.fc(/)|<5i(/)||/||2N-",V|n|^0. 

|fe|<fel2il 

Analogously, for the second sum in fl^Tl) we obtain 

(44) I Yl c,{f)cA.,{f)\ < B2{f)\\f\\2\nr, \n\ ^ 0. 

|fc|>6lal 

Taking B{f) = Bi{f) + B2U), (BOD follows from gl]), (gS]), (gl]). D 



The following theorem has the same conclusion as Theorem 12. 6[ but requires a weaker 
regularity condition. 

Theorem 2.29. // / satisfies ^EM), (in particular if f satisfies the regularity condition 
(E3Jj, then Y.n&A{^-fJ)\ < 00. ihe variance a^{f) exists, a^{f) = T^n^z^i^-fJ)' 
the density iff of the spectral measure of f is continuous. 

Moreover, there is a constant C such that, if M is any subset of 1/ and f\{x) = 
Efce^%(/)e''^^<-'"^ ihen a{f - f,) <C\\f- f,h. 

Proof. The Fourier coefficients oiipf are {A-f, /). The previous proposition implies [ (I59|l 
=^ J^n&zd \{^~fjf)\ < +00] and the second statement. D 

Coboundary characterization 

Using the previous result on the decay of correlation, let us give a sufficient condition 
on the Fourier series of / for the coboundary characterization. Recall that J denotes a 
section of the Z'^-action by automorphisms on Z^ (cf . Remark 12.301) . 
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Remark 2.30. For G = T'', each character is identified to an element k oi Z^. It is 
useful to choose the section in the following way. For a fixed i, the set {A-i,k G Z*^} 
is discrete and lini||fe||^oo ||^~:^|| = +00. Therefore the minimum of the norm is achieved 
for some value of k. We can choose an element j in each class modulo the action of S 
on TjP, which achieves the minimum of the norm. By this choice, we have 

(45) ||j||<P-j||,VjG J, fcGZ'^. 



The sufficient condition flTSj) given in Lemma fL9] for the coboundary representation reads 
in the algebraic framework 

(46) 5^5^(l + ||A;r)|c/(A^j)l<oo. 

jeJ fcezd 

Theorem 2.31. If \cf{k)\ = 0{\\k\\~^), with (3 > p, we have a'^if) = if and only if f 
is a mixed coboundary: there are continuous functions Ui, i = 1, ■■■■,d such that 

d 

(47) f = Y,{I - A,)u,. 

Proof. Lete g]0, /3-p[ and 5 := (/3-p-£:)/(/3(l+p)), we have (5/3p - /3 ( 1 - 5) = -{p+e). 
There is a constant Ci such that ||fc||'^e-''^^ll^ll < Ci, V^ G Z'^. 
According to ([36]), we have |c/(A^j)| < C\\A^i\\^ < Ce"^^"^" \\ifp; hence 

(48) e^^^\\^^Cf{A!^j)f <C\\j_\f^P. 

Recall that, for every i G Z''\{0}, there is a unique pair {k,j) G Z*^ x J such that 
A-j = L Therefore we have, using Inequality f HSjl (see Remark 12. 30p : 

E E ii^ii' 1^/(^-^)1 = E E \\kr\cM^i)\'\cM^i)\'-' 
^ ^1 E E ^''^"-" 1^/(^-^)1' \^fiA-jT'' < ^2 E E ii^ii'^' \cf{Ahy-' 

< C2 E E P-lll'^' |c/(^-j)r"' by dlHD and m 

= ^2 E ii^ii'^''ic/(:^)r~'<c3 E ii^ii'''''"^^'"'^ < c^3 E ii^ir^''^'^ < +00. 

i€ZP\{o} i.&''\{o} ^ezp\{0} 

This implies that (H6|) is satisfied. Since here the functions involved in the proof of 
Lemmas IL8I and IL9I are characters, hence continuous and uniformly bounded, we have 
continuity of the functions Ui in the representation fITBl) . D 

Now we consider the CLT when G is the torus T'^. As mentioned in the introduction, 
an analogous result for d- dimensional rectangles and a class of regular functions was 
recently obtained by M. Levine ([T9]). 
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Theorem 2.32. Let n — )■ A- be a totally ergodic N'^-action by commuting m,atrices on 
TP . Let {Rn)n>i be a F0lner summation sequence. 

1) If f satisfies ^3^, in particular if f satisfies the regularity condition ^3^, we have 
cr\f) = ^f{0) and 

{j^Rniirr'^ E^«(^)/(^-) ^Ar(o,a^(/)). 

2)Iff satisfies Ij^ (i.e., \cf{k)\ = 0{\\k\\)~^, with (3 > p), then a'^{f) = if and only 
ijU there are continuous functions Ut on T^ , fort = 1, ..., d, such that f = Xlt=i(-^~^t)'"t- 

Proof. 1) The proof of the first statement is like the proof of Theorem 12.181 Here we 
use the inequality a{f — fs) < C\\f — fs\\2, where the constant C does not depend on s, 
given by Theorem 12.291 

2) The second assertion follows from Theorem 12.311 D 



2.5. Appendix: examples of Z'^-actions by automorphisms. The aim of this ap- 
pendix is to give explicit examples of commuting matrices generating totally ergodic 
Z'^-actions on tori. We mainly recall some known facts. (See in particular [TB] and [H] 
for the construction of Z'^- actions by automorphisms on the torus.) 

The construction of Z'^-action by automorphisms on T'' is linked to the groups of units 
in number fields. Following [13], let us recall some facts. 

Let M G GL{p, Z) be a matrix with an irreducible characteristic polynomial P = P{M) 
and hence distinct eigenvalues. The centralizer of M in A^ (n, Q) can be identified with 
the ring of all polynomials in M with rational coefficients modulo the principal ideal 
generated by the polynomial P{M), and hence with the field K = Q(A), where A is an 
eigenvalue of M, by the map 7 : p{A) — > ^(7) with p G Q[x]. 

By Dirichlet's theorem, if P has di real roots and d2 pairs of complex conjugate roots, 
then there are di + d2 — 1 fundamental units in the group of units in the ring of integers 
in K{P). This provides a totally ergodic Z'^^+'^2~^-action by automorphisms on T''. 

Explicit computation of examples relies on an algorithm (see [5]). The first computed ex- 
amples appeared with the development of the computers. Even nowadays computations 
are limited to low dimensional examples. 

Examples for T'^ 

To give a concrete example for T^, we explicit a pair A, B of matrices in 5*17(3, Z) such 
that {y4, B} generates a free action in W? . 



This gives a test of non degeneracy of the Umiting law in terms of periodic points. 
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We start with a integer polynomial P{X) = — X^ + qX + n which is irreducible over Q 
and its companion matrix: 

/O 1 O' 
M= 1 
\n q 0^ 

Let K{P) denote the number field associated to P. Suppose that K{P) belongs to any of 
the tables where the characteristics of the first cubic real fields K{P) are listed. Let 6 be 
a root of P. The table gives a pair of fundamental units for the group of units in the ring 
of integers in K{P) of the form Pi{0), P2{d), where Pi, P2 are two integer polynomials. 
Then the matrices Ai = Pi{M) and A2 = P2{M) give a system of generators of the group 
of matrices in GL{'i,'L) commuting with M, generating a totally ergodic Z^-action on 
T^ by automorphisms. 



Explicit examples 

1) (from the table in 
its companion matrix 



) Let us consider the polynomial P{X) = X^ — 12X — 10 and 

1 0' 
M= 10 1 
10 12 0, 



Let 6' be a root of P. The table gives the pair of fundamental units for the algebraic 
group associated to P: 

p^{6) = 6^-36-3, P2{e) = -e^ + e + ii. 

The matrices Ai = Pi{M) and A2 = P2{M) give a system of generators of the group of 
matrices in GL{3, Z) commuting with M. They generate a totally ergodic action of Z^ 
by automorphisms on T^. They have 3 real eigenvalues and det(Ai) = l,det{A2) = —1. 



Ai 



-3 


-3 


1 \ 




n^ 


1 


-1 


10 


9 


-3 


, A2 = 


-10 


-1 


1 


-30 


-26 


9 / 




\ 10 


2 


-1 



2) (from tables in [2B] and in [5]) Let us consider now the polynomial P{X) = X^— 9X — 2 
and its companion matrix 



M 



Let ^ be a root of P. The table gives the pair of fundamental units for the algebraic 
group associated to P: 

P^{e) = 36^ -99-1, P2{e) = 29^ -Ae-1. 




-3 


-3 


1\ 




/ 11 


1 


-1 


10 


9 


-3 


, A2 = 


-10 


-1 


1 


-30 


-26 


9/ 




\ 10 


2 


-1 



34 GUY COHEN AND JEAN-PIERRE CONZE 

The matrices Ai = Pi{M) and A2 = P2{M) give a system of generators of the group of 
matrices in GL{3, Z) commuting with M. They generate a totally ergodic action of Z^ 
by automorphisms on T^. They have 3 real eigenvalues and det{Ai) = l,det(yl2) = —1. 



Ai 



Remark that in [26] a different set of generators is given. The polynomials are 
P[(e) = 856^ - 2456 - 59, P^{e) = -189^ + 46 + 161. 

The matrices A[ = P[{M) and A2 = P2{M) give another pair of generators of the group 
of matrices in GL{3, Z) commuting with M. The relations between the two pairs are: 

A[ = A,A2, A'2 = A^\ 

A simple example on T^ 

If P{X) = X"^ + aX^ + bX"^ + aX + 1, the polynomial P has two real roots: Aq, Xq^ and 
two complex conjugate roots of modulus 1: Ai, Ai. Let aj = Xj + Xj, j = 0, 1. They are 
roots of Z^ ~aZ + b -2 = 0. 

Under the conditions: 0^-46+8 > 0, a > 4, 6 > 2, 2a > 6+2, i.e., (since 2a-2 < ja^+2) 

2<b <-a^ + 2, a > 4, 
4 

Ao, Xq^ are solution of A^ — gqX + 1=0, and Ai, Ai are solutions of A^ — ctiA + 1 = 0, 
where 



(Jo = --a - -Va2-46 + 8, ai = --a + -\/a^ -4b + 8. 

The polynomial P is not factorizable over Q. Indeed, suppose that P = P1P2 with Pi, 
P2 with rational coefficients and degree > 1. Since the roots of P are irrational, the 
degrees of Pi and P2 are 2. Necessarily their roots are, say, Ai, Ai for Pi, Aq, A^^ for P2. 
The sum Ai + Ai, root of Z^ — aZ + 6 — 2 = 0, is not rational and the coefficients of Pi 
are not rational. Let 

/ 1 \ 

10 

1 

\ — 1 —a —b —al 

From the irreducibility over Q, it follows that, if there is a non zero fixed integral vector 
for A^B^, where k,i are in Z, then we have A^B^ = Id. This implies: Ai (Ai — l)'^' = 1, 
hence, since we have |Ai| = 1, it follows |Ai — 1| = 1 which clearly is not true. 



A:-- 



B = A + L 
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Example: P{X) = X'^ + 5X^ + 7X^ + 5X + 1. If A is the companion matrix, then A and 
A + 1, with characteristic polynomials P{X) and X'^ + X^ — 2X^ + 2X — 1 respectively, 
generate a Z^-totally ergodic action on T'^. 



A 



/ 1 \ 

10 

1 

y-1 -5 -7 -5/ 



B = A + I 



/ 1 


1 





\ 





1 


1 











1 


1 


V-1 


-5 


^7 

— 1 


-y 



This elementary example gives only a Z^-action on T^. A question is to produce an 
example with full dimension 3. 

3) Construction by blocks Let Mi, M2 be two ergodic matrices respectively of dimen- 
sion di and ^2- Let pi, qi, i = 1,2 he two pairs of integers such that piq2 — P2qi 7^ 0. On 
the torus T'^^^'^'^ we obtain a Z^-totally ergodic action by taking Ai, A^ of the following 
form: 



Ai 



Ml' 






Mf 



A, 



Mf 






Mf 



Indeed, if there exists v 



e Z"'i+"'2 y {0} invariant by A^A^, then M[ 



npi +^p2 



Vl 



Vi, M^^^ ''^t;2 = V2, which implies npi + £p2 = 0, ngi + iq2 = 0; hence n = i = 0. 



This is a method to obtain explicit free Z^-actions on T'^. The same method gives explicit 
free Z^-actions on T^ (by using a Z- action on T^ and a Z^-action on T^). 

We do not know explicit examples of full dimension, i.e., with 3 independent generators 
on T^, or with 4 independent generators on T^. 
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